Let (M, h) be a compact 4-dimensional Einstein manifold, and suppose that h is Hermitian with respect to some complex structure J on M . Then either (M, J, h) is Kähler-Einstein, or else, up to rescaling and isometry, it is one of the following two exceptions: the Page metric on CP 2 #CP 2 , or the Einstein metric on CP 2 #2CP 2 discovered in [8] .
Introduction
Recall [4] that a Riemannian metric is said to be Einstein if it has constant Ricci curvature. A central problem of modern Riemannian geometry is to determine which smooth compact manifolds admit Einstein metrics, and to precisely understand the moduli space of these metrics when they do exist.
The theory of Kähler-Einstein metrics provides the richest currently available source for Einstein metrics on compact manifolds. This story becomes particularly compelling in real dimension 4, not only because of the mature state of the theory of Kähler-Einstein metrics on compact complex surfaces [2, 27, 28, 29, 30] , but also because gauge-theoretic phenomena unique to this dimension sometimes allow one to show [16, 17] that every Einstein metric on certain smooth compact 4-manifolds must actually be Kähler-Einstein.
In fact, there are, up to rescaling and isometries, only two known examples of Einstein metrics on compact complex surfaces which are not Kähler. The older and better-known of these is the Page metric [25] on CP 2 #CP 2 . The second, of more recent provenance [8] , is a metric on CP 2 #2CP 2 discovered by the present author in collaboration with Xiuxiong Chen and Brian Weber; for a somewhat different proof, see [19] . Both the of these metrics have holonomy SO (4) , and so are non-Kähler in the most definitive, intrinsic sense. However, both are nonetheless conformally Kähler, in the sense that each is obtained from some Kähler metric by multiplying by a smooth positive function. In particular, both are Hermitian metrics on compact complex surfaces. The purpose of this article is prove that, up to homothety, no other other such examples can exist:
J) be a compact complex surface, and suppose that h is an Einstein metric on M which is Hermitian with respect to J, in the sense that h(·, ·) = h(J·, J·). Then either
• (M, J, h) is Kähler-Einstein; or
and h is a constant times the Page metric; or
• M ≈ CP 2 #2CP 2 and h is a constant times the metric of [8] .
In [18] , the present author previously proved a tantalizing partial result in this direction:
J) be a compact complex surface, and suppose that h is an Einstein metric on M which is Hermitian with respect to J. Then h is conformal to a J-compatible Kähler metric g. Moreover, if h is not itself Kähler, then
• (M, J) has c 1 > 0;
• M ≈ CP 2 #kCP 2 , k = 1, 2, 3;
• h has positive Einstein constant;
• g is an extremal Kähler metric;
• g has scalar curvature s > 0; and
Moreover, the isometry group of (M, h) contains a 2-torus.
The proof of this assertion consists of three main steps. First, the Riemannian Goldberg-Sachs Theorem [1, 14, 15, 26] implies that the self-dual Weyl curvature W + has a repeated eigenvalue at each point. If h is not itself Kähler, a result of Derdziński [11, Theorem 2] then implies that this Einstein metric can be written as h = s −2 g for an extremal Kähler metric g with non-constant positive scalar curvature s. Finally, if ρ denotes the Ricci form of g, one can show [18, Proposition 2] that ρ + 2i∂∂ log s is a positive (1, 1)-form. Hence c 1 > 0, and (M, J) is a Del Pezzo surface. Since M moreover admits an extremal Kähler metric of non-constant scalar curvature, its Lie algebra of holomorphic vector fields must be both non-trivial and non-semisimple. The classification of Del Pezzo surfaces [10, 23] therefore implies that M must be the blow-up of CP 2 at one, two, or three points general position.
For the one-point blow-up, the Page metric is the only possibility [18] . Indeed, for any extremal Kähler metric on a compact complex manifold, the the identity component of the isometry group is necessarily [6, Theorem 3] a maximal compact subgroup of the identity component of the complex automorphism group. If M = CP 2 #CP 2 , and if g is a conformally Einstein Kähler metric on M, it then follows that Iso 0 (M, g) ∼ = U(2). But since Iso 0 (M, g) automatically preserves the scalar curvature s, it also acts isometrically on the Einstein metric h = s −2 g. Thus h is a cohomogeneity-one Einstein metric, and the work of Bérard Bergery [3, Théorème 1.8] then shows that it must actually be a constant times the Page metric.
Unfortunately, the remaining cases of M = CP 2 #2CP 2 and CP 2 #3CP 2 are not amenable to elementary arguments of this flavor. Instead, this article will prove the following pair of results by a variational method:
Theorem B Modulo rescalings and biholomorphisms, there is exactly one conformally Kähler, Einstein metric h on M = CP 2 #2CP 2 . This metric coincides with the metric of [8] , and is characterized by the fact that the conformally related Kähler metric g minimizes the L 2 -norm of the scalar curvature among all Kähler metrics on M.
Theorem C Modulo rescalings and biholomorphisms, there is only one conformally Kähler, Einstein metric h on
This metric is actually Kähler-Einstein, and is exactly the metric discovered by Siu [27] .
Our approach stems from the study of the squared L 2 -norm C(g) =ˆM s 2 g dµ g of the scalar curvature, restricted to the space of Kähler metrics. An even more restricted version of this problem was introduced by Calabi [5] , who constrained g to only vary in a fixed Kähler class [ω] ∈ H 2 (M, R). Calabi called the critical metrics of his restricted problem extremal Kähler metrics, and showed that the relevant Euler-Lagrange equations are equivalent to requiring that ∇ 1,0 s be a holomorphic vector field. In fact, every extremal Kähler metric turns out to be an absolute minimizer for the Calabi problem, and the proof of this [7] moreover implies that any Kähler metric g with Kähler class [ω] = Ω satisfies the sharp estimate
where
and where equality occurs iff g is an extremal Kähler metric. Here
denotes the Futaki invariant, and the relevant norm is the one induced by the L 2 -norm on the space of holomorphy potentials [13] . In particular, for any extremal Kähler metric g with Kähler class Ω, one haŝ Essentially because quadratic curvature functionals are scale-invariant in real dimension 4, one has A(λΩ) = A(Ω) for every λ ∈ R + . Thus, if K ⊂ H 2 (M, R) is the Kähler cone of (M, J), then lettingǨ denote K /R + , where the positive real numbers R + act by scalar multiplication, we often choose to consider A as a function A :Ǩ → R. But from either point of view, the following variational principle [8, 18] Fortunately, the formula for A can be found explicitly, although the actual expression is complicated enough that a program like Mathematica is of enormous help in reliably obtaining the correct answer. In an earlier investigation, Maschler [24] used this to marshal overwhelming numerical evidence in favor of the conjecture that A has exactly one critical point on either CP 2 #2CP 2 and on CP 2 #3CP 2 . In this paper, we will instead examine explicit formulas for appropriate second derivatives of A, and observe that these imply that the function is strictly convex on certain line segments. This allows one to show that a critical point must be invariant under certain finite groups of automorphisms, and leads to water-tight proofs of the uniqueness of the critical point. Theorems A, B and C then follow from the uniqueness, up to isometry, of extremal Kähler metrics in a fixed Kähler class [9, 12, 22] .
The case of CP#2CP 2
In this section, we will show that A :Ǩ → R has only one critical point when M = CP#2CP 2 . We begin by fixing a Kähler class, normalized by rescaling so that the proper transform of the projective line between the two blow-up points has area 1:
The pair of positive real numbers (β, γ), representing the areas of the two other exceptional divisors, now provides us with global coordinates on the reduced Kähler coneǨ = K /R + , thereby giving us a diffeomorphismǨ ≈ R + × R + .
Let us take the two blown-up points to be [1, 0, in the automophism group. Then, for any T 2 -invariant metric, the moment map of the torus action will take values in a pentagon, which after translation becomes the following:
Let F 1 and F 2 be Futaki invariants of this Kähler class with respect to the vector fields with Hamiltonians −x and −y. Then [21] for any T 2 -invariant metric,
Note that, by Archimedes' principle, the push-forward of the volume measure of M is exactly 4π 2 times the Euclidean measure on the moment polygon. Thus, for example, the average values x 0 and y 0 of the Hamiltonians x and y on M are also the x and y coordinates of the barycenter of the moment pentagon. This same observation also makes it straightforward to compute the following useful constants:
and
AB − C 2 can now be shown to explicitly be given by 3 Because all the coefficients in both the numerator and denominator of this expression are positive, the second derivative of A along any line β +γ = const is strictly positive whenever β, γ > 0. This proves the claim.
Proof. Since there is an automorphism of CP 2 #2CP 2 which interchanges the two exceptional divisors, we automatically have A(β, γ) = A(γ, β). In particular, reflection across the diagonal sends critical points to critical points. Lemma 1, however, implies that there can be at most one critical point on any segment β + γ = const, β, γ > 0. If β = γ for some critical point, we would therefore obtain a contradiction by considering the line segment joining (β, γ) to (γ, β). Hence every critical point must belong to the diagonal.
Using the the terminology of [8] , we have thus shown that any critical point Ω ∈ K of A must be a bilaterally symmetric Kähler class.
To conclude our discussion, we now let F : R + → R be the function defined by
Explicitly, this function is given by F (β) = 9 + 96β + 396β 2 + 840β 3 + 954β 4 + 528β 5 + 96β
Because A is symmetric under (β, γ) ↔ (γ, β), Lemma 2 tells us that the critical points of A are precisely those (β, β) for which F ′ (β) = 0.
Lemma 3 The above function satisfies
Proof. The fact that such a critical point does actually exist follows from the observation that lim β→0 F ′ (β) = −12 < 0, whereas F ′ (1.2) > 0 by Lemma 3. Moreover, since this unique critical point is a local minimum, it must actually be the absolute minimum of F on (0, ∞). However, Lemma 1 implies that
for any β, γ > 0. Thus the absolute minimum of F necessarily also represents the absolute minimum of A.
Theorem B now follows. Indeed, by Proposition 1, any conformally Einstein Kähler metricg on M = CP#2CP 2 is extremal, and, by Proposition 2, it must moreover belong to a Kähler class Ω which is a critical point of A. However, by Proposition 3, this critical Kähler class Ω is unique up to scale. Consequently, the Kähler class of some multiple ofg must coincide with the Kähler class of the conformally Einstein Kähler metric g constructed in [8] . On the other hand, extremal Kähler metrics in any fixed Kähler class are known [9] to be unique up to complex automorphisms; cf. [12, 22] . In particular, (M, g) must be isometric to (M, cg) for some positive constant c. Moreover, since Ω actually minimizes A by Proposition n 3, inequality (1) implies that g actually minimizes C among all Kähler metrics on M = CP#2CP 2 . Let us decompose the reduced Kähler coneǨ = K /R + into the open set U corresponding to δ > 0, a second open set U ′ corresponding to δ < 0, and a lower-dimensional interface P cut out by the hyper-plane δ = 0. Each element of U then has a unique representative with δ = 1, and the remaining positive real numbers (α, β, γ) then provide global coordinates on U , which is thereby identified with (R + ) 3 . The region U ′ is actually the image of U under a Cremona transformation Φ, where Φ is the automorphism of of CP#3CP 2 induced by the bimeromorphic transformation
Since A is invariant under automorphisms, it follows that we can completely understand its behavior on U ′ by thoroughly understanding its behavior on our coordinate domain U . The behavior of A on the interface P will of course call for a separate, careful discussion.
For the present, however, let us focus on our coordinate region U in the reduced Kähler coneǨ . We now once again fix the 2-torus in the automorphism group corresponding to [z 1 :
The image of M under the moment map is then the hexagon
and our formulas [21] for the components of the Futaki invariant become
where V = αβ + αγ + βγ + α + β + γ + 1 2 is the volume of (M, Ω). Three other essential coefficients needed in our computation are
We then have
This in turn allows us to compute
which, upon simplification, is explicitly given by Remarkably, both the numerator and the denominator of this expression consist exclusively of terms with positive coefficients. In particular, the second derivative of A along any line segment α + β = const, γ = const, α, β > 0, is consequently everywhere positive, as claimed.
Lemma 6
In the domain U ⊂Ǩ of our coordinates (α, β, γ) ∈ (R + ) 3 , any critical point of A must lie on the plane α = β.
Proof. Notice that A(α, β, γ) = A(β, α, γ), since there is an automorphism of CP 2 #3CP 2 which exchanges the first two exceptional divisors. If (α, β, γ) were a critical point with α = β, we would have a second one given by (β, α, γ), and these two critical points would be joined by a line segment of the form α + β = const, γ = const, α, β > 0. However, this is a contradiction, because Lemma 5 tells us that A is strictly convex on this line segment, so that it cannot possibly contain two distinct critical points of A. It follows that we must have α = β for any critical point.
Lemma 7
In the domain U ⊂Ǩ of our coordinates (α, β, γ) ∈ (R + ) 3 , any critical point of A must lie on the line α = β = γ.
Proof. Notice that A(α, β, γ) = A(α, γ, β), since there is an automorphism of CP 2 #3CP 2 which exchanges the last two exceptional divisors. Conjugating by this automorphism, Lemma 6 thus also shows that any critical point also satisfies α = γ. Since any critical point also satisfies α = β by Lemma 6, we therefore conclude that α = β = γ for any critical point in U .
We now consider the action of two finite groups on H 2 (CP 2 #3CP 2 , R). The first of these is the Z 2 -action induced by the Cremona transformation Φ, while the second is the Z 3 -action generated by a cyclic permutation of the three blown-up points in CP 2 . Let V (respectively, W) ⊂ H 2 (CP 2 #3CP 2 , R) denote the invariant subspace (i.e. (+1)-eigenspace) of this Z 2 -action (respectively, Z 3 -action). In terms of the previously dicussed linear coordinates (α, β, γ, δ) on H 2 (CP 2 #3CP 2 , R), V is given by δ = 0, while W is given by α = β = γ. Notice that the anti-canonical class c 1 belongs to both V and W. Also notice that our two actions actually commute, so that V and W are in particular sent to themselves Φ * .
Lemma 8 If Ω ∈ K ⊂ H 2 (CP 2 #3CP 2 , R) is a critical point of A : K → R, then either Ω ∈ V or Ω ∈ W.
Proof. Recall that the reduced Kähler coneǨ = K /R + has been divided into the coordinate domain U , its image U ′ under the Cremona transformation Φ, and the interface P . Since P is exactly cut out by the equation δ = 0, it is exactly the image of K ∩ V inǨ . If Ω is critical, but does not belong to V, then either Ω or Φ
* Ω must project to U , and in this case Lemma 7 tells us that either Ω or Φ * Ω must satisfy α = β = γ, and so belong to W. Since W is Φ-invariant, the claim follows. Proof. By hypothesis, Ω is invariant under either our Z 2 -action or our Z 3 -action. However, both of these actions induce an action on the Lie algebra of the automorphism torus for which +1 is not an eigenvalue. Consequently [6, 20] , the Futaki invariant must vanish for Ω. This means that there is no Futaki contribution to A, resulting in the stated simplification. Proof. Let Ω ∈ K be a critical class. Then, by Lemma 8, Ω must belong to one of the linear spaces V or W. Since c 1 ∈ V ∩ W, it therefore follows that Ω + tc 1 belongs to V ∪ W for all t. Moreover, since K is open, Ω + tc 1 is also a Kähler class for all t in some small interval (−ε, ε). By Lemma 9, we thus have
(Ω + tc 1 ) 2 and the first variation of A is therefore given by
However, because the intersection form on H 2 (CP 2 #3CP 2 , R) is of Lorentz type, and because Ω and c 1 are both time-like, the reverse Cauchy-Schwarz inequality for Lorentzian inner products tells us that
with equality iff Ω and c 1 are linearly dependent; consequently, the first variation computed above is automatically negative unless Ω is a multiple of c 1 .
It follows that Ω can be a critical point of A only if its image inǨ coincides with that of c 1 . Moreover, by (1) and the reverse Cauchy-Schwarz inequality, c 1 is actually the unique absolute minimum of A, and so, in particular, is a critical point. This establishes the stated uniqueness result.
Theorem C now follows by the same reasoning we previously used to prove Theorem B. In particular, a conformally Einstein Kähler metric M = CP 2 #3CP 2 must actually be Kähler-Einstein, and so does not give rise to an entry on the list of exceptions in Theorem A.
Combining Proposition 1 with Theorems 3 and 4, we have thus proved Theorem A, and our chain of reasoning has thus culminated in the proof of all the promised results.
